Abstract. Sufficient conditions for a semigroup measure algebra to have contractible Gelfand spectrum are given and it is shown that for a wide class of semigroups these conditions are also necessary.
S
f dµ * ν := S×S f (xy)dµ(x)dν(y) (f ∈ C b (S)).
Let S * 1 denotes the semigroup of nonnegative bounded semicharacters of S (nontrivial homomorphisms to the multiplicative semigroup [0, 1] ) that are µ-measurable for all µ ∈ M(S) endowed with the topology of pointwise convergence. Theorem 1. Let S be an Abelian locally compact semitopological semigroup with unit e. 1) If S has no nontrivial invertible elements and the space S * 1 is path-connected then the Gelfand spectrum ∆M(S) of the algebra M(S) is contractible.
2) If ∆M(S) is contractible, the semigroup S has no nontrivial invertible elements. If, in addition, S has the form P ∪ {e} where P is an open subsemigroup of a locally compact Abelian group G and the unit e of G belongs to the closure of P, the space S * 1 is path-connected. Proof. 1) (cf. [1] ). Denote by 1 e the characteristic function of the set {e}. Clearly, 1 e ∈ S * 1 . Let (ρ t ) t∈[0,1] be a continuous path in S * 1 such that ρ 0 = 1, ρ 1 = 1 e (1 denotes the unit semicharacter of S.) Define a continuous map H : ∆M(S) × [0, 1] → ∆M(S) as follows:
where ρ t · µ means the product of a function and a measure in the sense of [3] . We show that H is well-defined. Indeed, since
(see, e.g., [3, Chapter VIII, Section 3, Proposition 6]), we have H(ϕ, t) ∈ ∆M(S). Moreover, by the inequality (ϕ, ϕ 0 ∈ ∆M(S), µ ∈ M(S))
Finally, if we define ϕ 1 (µ) := µ({e}), then H(ϕ, 0) = ϕ, and H(ϕ, 1) = ϕ 1 , for all ϕ ∈ ∆M(S). So, ∆M(S) is contractible.
2) Suppose that the Gelfand spectrum ∆M(S) is contractible. Then the onedimensionalČech cohomology group H 1 (∆M(S)) is trivial (see, e.g., [9, Chapter 2, section 2.1]). Therefore in view of the Arens-Royden theorem [10] , [11] 
On the other hand, if we assume that S has an invertible element g, g = e the Dirac measure δ g belongs to M(S) −1 \ exp(M(S)) (because supp(exp ω) = supp(δ e + ω + . . . ) ⊇ {e} = {g} for ω ∈ M(S)), and we have a contradiction. Since ∆M(S) is contractible, there exists a continuous map
where δ s denotes the Dirac measure centred on s ∈ S. Then ρ t (e) = 1 and ρ t (s) ≤ H(ϕ 0 , t) δ s = 1. Since δ a * δ b = δ ab (a, b ∈ S), the map ρ t is a homomorphism from S to [0, 1]. Now we assume that S = P ∪{e} where P is an open subsemigroup of a locally compact Abelian group G and the unit e of G belongs to the closure of P . Then by the result of Devinatz and Nussbaum [4] the restriction ρ t |P is continuous and we conclude that ρ t ∈ S * 1 . Since the map t → H(ϕ 0 , t) is continuous, we get a continuous path (ρ t ) t∈[0,1] in S * 1 such that ρ 0 = 1, ρ 1 = 1 e . Therefore for every ρ ∈ S * 1 we have a continuous path (ρρ t ) t∈[0,1] in S * 1 from ρ to 1 e which completes the proof.
Remark 1 (cf. [1] ). The part 1 of theorem 1 remains valid (along with its proof) for every unital Banach subalgebra R of M(S) such that for some continuous path (ρ t ) t∈[0,1] in S * 1 from 1 to 1 e it has the property:
Examples. Let S be an Abelian topological semigroup with invariant measure m [5] and unit e without nontrivial invertible elements (in particular, let S be a Borel subsemigroup of a locally compact Abelian group with nonempty interior and without nontrivial subgroups, e ∈ S). Then the property (1) Corollary 1 (cf. [1] ). Let S has no nontrivial invertible elements and the space S * 1 is path-connected. Every unital Banach subalgebra R of M(S) with the property (1) is a Hermite ring in the sense that for every left invertible n×k matrix (f ij ) with entries in R (k < n) there exists an invertible n × n matrix (g ij ) with entries in R such that g ij = f ij for all 1 ≤ i ≤ n and 1 ≤ j ≤ k.
It follows from the remark 1 and [6, Theorem 3, p. 127]. Remark 2. For applications of results like corollary 1 to the problems in control theory see [1] , [7, Theorem 66, p . 347], [8, Corollary 4.14, p. 296].
Corollary 2. Let S be an Abelian locally compact semitopological semigroup with unit e and without nontrivial invertible elements. If there is ρ ∈ S * 1 such that 0 < ρ(s) < 1 for all s ∈ S \ {e} then for every unital Banach subalgebra R of M(S) with the property (1) the Gelfand spectrum ∆R is contractible.
Indeed, in this case we get a continuous path (ρ t ) t∈[0,1] in S * 1 , where ρ t := ρ t/(1−t) for t ∈ [0, 1), ρ 1 := 1 e , from 1 to 1 e .
Corollary 3. For a nontrivial locally compact Abelian group G the space ∆M(G) is noncontractible.
We say that S is an M -semigroup if every its semicharacter of the form s → |ϕ(δ s )| (ϕ ∈ M(S)) belongs to S * 1 . The proof of the part 2 of theorem 1 and results of [12, section 3] give us examples of M -semigroups. On the other hand, there are locally compact Abelian topological semigroups of idempotents which are not M -semigroups [12, subsection 2.4] .
Theorem 2. Let S be an Abelian locally compact semitopological M -semigroup with unit e. The Gelfand spectrum ∆M(S) of the algebra M(S) is contractible if and only if S has no nontrivial invertible elements and the space S * 1 is pathconnected.
Indeed, the sufficiency follows from part 1 of theorem 1. As regards the necessity, it can be proved in the same way as the part 2 of theorem 1.
